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a b s t r a c t

This paper presents a new method for efficiently computing the response of a perturbed

dynamic system. The method is based on predicting the convergence of a Neumann series

expansion that approximates the displacement response of a perturbed system. The Neu-

mann series is often faster than a direct solve, but only converges when the spectral radius

of the system is less than unity. However, direct computation of the spectral radius is often

expensive. The proposed method avoids this expense by predicting convergence using a ratio

of adjacent terms early in the evaluation of the series. Stochastic simulations are presented

for determining the convergence bound on this ratio as a function of term index. These sim-

ulations demonstrate that the resulting convergence predictions are very accurate after only

5–20 terms, and that the proposed method is significantly faster than the computation of the

spectral radius. The proposed method is also inherently faster than other published methods,

as it requires fewer terms in the series to assess convergence. Numerical examples involving

the steady-state vibrations of an elastic bar and an elastic plate illustrate the accuracy and

efficiency of the method.

Published by Elsevier Ltd.

1. Introduction

With the increasing complexity of structures, finite element models have become heavily relied upon when predicting the

dynamic responses of built structures. They are commonly used to determine the effect that changes in model parameters have

on the response of a structure. Evaluating the response of a perturbed system for a wide range of parameter modifications

is essential for design decisions, structural optimization, and safety and reliability analysis. However, evaluating the system

response for a large number of perturbations is very computationally intensive due to the complexity and size of finite element

models. The large computational cost is attributed to the matrix factorization of the dynamic stiffness matrix, required when

solving the linear dynamic equation of motion. As a result, a precedence has been placed on developing alternative evaluation

methods that are computationally efficient. In an attempt to solve this problem, this paper proposes a method that utilizes a

truncated Neumann series to approximate the response of a perturbed system.

The Neumann series approximates the inverse of a perturbed matrix with a matrix power series and is computationally

efficient as it avoids the need for any matrix factorizations. Due to its computational advantage over the standard direct solve, the

Neumann series has gained large popularity in structural mechanics, where it is commonly used to approximate the response

of a perturbed system. An early work by Yamazaki et al. [1] applied the Neumann series approximation in a stochastic finite

element analysis to efficiently predict the response of structures with variable properties. Their work considered a perturbed
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stiffness matrix and highlighted the Neumann series’ efficiency when predicting the response variability with a Monte Carlo

simulation. In later works the Neumann series was similarly implemented in stochastic analyses that investigated its application

with fuzzy set theory [2], dynamic systems with uncertain parameters and excitations [3,4], thermo-elasticity problems [5], and

multiple parameter perturbations and a generalized expansion [6].

When analyzing structures with uncertain parameters and excitations, the Neumann series approximation has also been

used with interval analysis to predict the response of the perturbed systems. In comparison to stochastic analyses which con-

sider the uncertain parameters to be random variables, interval analysis considers the uncertain parameters to be deterministic

variables belonging to a certain set [7,8]. In such analysis, the Neumann series approximation is employed to efficiently approx-

imate the interval response of the perturbed system. Various methods have been studied to analyze both structural mechanics

problems, static [9–11] and dynamic [12], and acoustical field problems [13,14].

In recent years, the Neumann series approximation has also been used to analyze a variety of other problems due to its

convenient mathematical form and computational efficiency. These problems include, sensitivity analysis and damage detec-

tion [15,16], the analysis of mistuned blades [17–20], the approximation of viscoelatic system responses [21], and the anal-

ysis of coupled dynamic systems [22]. In a previous work, the authors employed the Neumann series approximation to cor-

rect initially uncertain model parameters in order to bring model response into agreement with measurements [23]. When

considering an uncertain model parameter, the approximate displacement response was differentiated with respect to the

parameter of interest to compute the sensitivities of the system. The higher order sensitivities were then used to formu-

late a polynomial, and the correction in uncertain parameter was determined by solving for the roots of such polynomial.

The previous work highlighted the accuracy and efficiency of the approximation when the series’ convergence criteria was

met.

In this paper, a method that utilizes the Neumann series approximation in convergent frequency ranges to efficiently evaluate

finite element models is proposed. A major contribution of the proposed work is the novel method for predicting if the series

approximation will converge. In comparison to the authors’ previous work, which computed the spectral radius of the system,

the proposed work offers significant computational advantages as it requires no additional computations when employing the

approximation. Currently, problems are often limited to analyzing small perturbations in order to conservatively maintain the

convergence criteria of the Neumann series. When the series approximation is applied, convergence is often predicted with

a method developed by Yamazaki et al. [1]. The method evaluates a convergence criterion that compares the final expansion

term to the series sum. This method, however, is limited to determining if the series has converged, and does not predict any

convergence characteristics, namely if the series is convergent or divergent.

To predict the level of divergence of the series approximation, Yuan et al. [20] proposed the use of an adaptive indicator. In

their method, the indicator is the number of expansion terms in the Neumann series approximation computed once the conver-

gence criteria proposed by Yamazaki et al. [1] is met. The recorded indicator is then used to indicate when to switch between

the Neumann series approximation and the direct solve based on a predetermined threshold. Here, the threshold is determined

by finding the maximum number of expansion terms that will preserve the computational efficiency of the approximation. The

threshold is system specific and is identified by comparing the respective computational cost of evaluating the direct solve

and expansion terms in the approximation. If the indicator reaches the threshold before the convergence criteria is met, the

evaluation method is switched from the approximation to the direct solve. When this occurs, the total computational cost of

evaluating the response is equal to the cost required to evaluate the expansion terms plus the cost of the direct solve itself.

Based on the definition of the threshold, this is effectively equal to double the computational cost of the direct solve. Although

the proposed method avoids the evaluation of the system’s spectral radius, it requires previous knowledge of the system specific

threshold and is relatively computationally intensive when the evaluation method is switched from the approximation to the

direct solve.

The method proposed here is significantly different from those mentioned above as a new and efficient criterion for pre-

dicting a convergent series is presented. Here, the method computes the ratio of adjacent terms in the series expansion and

compares them to a predetermined bound to determine if the approximation or the direct solve should be implemented. If the

computed ratio is less than the bound, the approximation is used, where as the direct solve is used when the ratio is greater

than or equal to the bound. The bounds, computed in this paper, are determined from stochastic simulations and are ubiqui-

tous to all systems, allowing the proposed method to be easily implemented in any problem. The proposed method also offers

large computational advantages, as it requires a small number of terms to be evaluated when evaluating the ratio. As a result,

the method efficiently predicts the convergence characteristics of a series and the appropriate evaluation scheme early in the

series expansion, while avoiding superfluous calculations. Numerical examples highlighting the efficiency and accuracy of the

proposed method will be presented.

In the following section, the equation of motion of a perturbed system is presented. In Sec. 3, the direct solve and Neumann

series approximation are presented as two evaluation schemes that evaluate the response of the perturbed system. The proposed

method for predicting convergence with computed ratios is then presented in Sec. 4. In that section, numerical simulations are

performed to elucidate characteristics of the ratio and are used to compute bounds on the ratio. The computed bounds on the

ratio are then used to formulate a method for predicting the appropriate evaluation scheme in Sec. 5. The proposed method

is then applied to two numerical examples. The first example in Sec. 6 evaluates the response of an elastic longitudinal bar

given changes to its elastic modulus and density. The second example in Sec. 7 evaluates the response of an elastic square plate

given changes to its elastic modulus. The examples evaluate the method’s accuracy and efficiency in predicting the appropriate

evaluation scheme and approximating the response in the approximation regions.
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2. Perturbed dynamic stiffness matrix

Considering a linear dynamic system in the frequency domain, the equation of motion is

D(𝜔)x(𝜔) = f(𝜔) (1)

where x(𝜔) is the displacement vector, f(𝜔) is the force vector, and D(𝜔) is the dynamic stiffness matrix. As an example, the

dynamic stiffness matrix for a system with linear viscous damping is

D(𝜔) = K + (i𝜔)C + (i𝜔)2M (2)

where K is the global stiffness matrix, C is the global damping matrix for viscous damping, and M is the global mass matrix.

The proposed work considers the response of a perturbed system, such that the dynamic stiffness matrix is instead expressed

as

D(𝜔) = A0(𝜔) +
J∑

j=1

𝛾j(𝜔)Aj(𝜔) (3)

where A0(𝜔) is the nominal dynamic stiffness matrix, 𝛾 j(𝜔) is a change in model parameter, and Aj(𝜔) is the effect of its corre-

sponding parameter on the system. Here, J is the number of modifications considered. The nominal matrix may be perturbed by

any 𝛾 j(𝜔) parameter as long as a corresponding Aj(𝜔) modification matrix can be written for it. For example, if 𝛾1(𝜔) is some

change in stiffness and 𝛾2(𝜔) is some change in density, then the modification matrices A1(𝜔) and A2(𝜔) would be proportional

to K and (i𝜔)2M, respectively. Substituting Eq. (3) into Eq. (1), the modified equation of motion is written as(
A0(𝜔) +

J∑
j=1

𝛾j(𝜔)Aj(𝜔)

)
x(𝜔) = f(𝜔) (4)

3. Evaluation of perturbed system

In this section, two evaluation schemes for the evaluation of the response in Eq. (4) will be presented. First, the standard

direct solve is presented in Sec. 3.1. The Neumann series approximation is then presented in Sec. 3.2 as an alternative evaluation

method. In the proposed work, the Neumann series approximation will be used to evaluate the displacement response when

the series is convergent due to its computational efficiency over the direct solve.

3.1. Direct solve

Considering the standard direct solve, the response in Eq. (4) may be evaluated with

xdir(𝜔) =

(
A0(𝜔) +

J∑
j=1

𝛾j(𝜔)Aj(𝜔)

)−1

f(𝜔) (5)

As mentioned above, this evaluation scheme is computationally intensive when the number of degrees of freedom (DOF) is large,

as it requires the dynamic stiffness matrix in Eq. (3) to be factorized. Specifically, the dynamic stiffness matrix is commonly

factorized into a lower and upper triangular matrix with an LU decomposition. The unknown displacement vector, xdir(𝜔), may

then be solved for with the two triangular systems and a forward and back substitution. The total number of floating-point

operations required to perform a direct solve is (N3) [24], where N is the number of DOF of the system.

3.2. Neumann series approximation

Applying the Neumann series approximation for the inverse of a perturbed matrix [25,26], the inverse of the dynamic stiff-

ness matrix in Eq. (3) is approximated as

D−1(𝜔) ≈
∞∑

p=0

(
−A−1

0
(𝜔)

J∑
j=1

𝛾j(𝜔)Aj(𝜔)

)p

A−1
0
(𝜔) (6)

and converges when [27,28]

𝜌

(
−A−1

0
(𝜔)

J∑
j=1

𝛾j(𝜔)Aj(𝜔)

)
< 1 (7)

where 𝜌(·) is the spectral radius of the matrix argument. The spectral radius is defined as the largest absolute value of the

eigenvalues of the system. As eigenvalue solvers often require a matrix reduction followed by an iterative process that produces
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sequences that converge to eigenvalues [24], computing the spectral radius is relatively computationally intensive in compari-

son to the approximation itself. In Sec. 4, an alternative method for predicting if a series is convergent is proposed to preserve

the computational advantages of the approximation.

In the proposed method, when the series approximation is convergent, the displacement response is approximated by sub-

stituting Eq. (6) into Eq. (5), such that

x(𝜔) ≈
∞∑

p=0

(
−A−1

0
(𝜔)

J∑
j=1

𝛾j(𝜔)Aj(𝜔)

)p

x0(𝜔) (8)

where x0(𝜔) is the nominal displacement response found from

x0(𝜔) = A−1
0
(𝜔)f(𝜔) (9)

Truncating the series expansion, the approximation in Eq. (8) is expressed as

xapp(P, 𝜔) =
P∑

p=0

(
−A−1

0
(𝜔)

J∑
j=1

𝛾j(𝜔)Aj(𝜔)

)p

x0(𝜔) (10)

where P is the number of terms in the series expansion and considered to be the order of the approximation. In comparison to

the direct solve in Eq. (5), the approximation in Eq. (10) is computationally advantageous as it avoids any matrix factorizations

when the nominal response is precomputed and stored. When the former occurs, the total number of floating-point operations

required to evaluate the approximation is (N2) [23].

The expression for the approximation may also be recast as

xapp(P, 𝜔) =
P∑

p=0

yp(𝜔) (11)

where the vector

yp(𝜔) =

(
−A−1

0
(𝜔)

J∑
j=1

𝛾j(𝜔)Aj(𝜔)

)p

x0(𝜔) (12)

is the pth term in the series expansion.

When the series approximation for the displacement response is evaluated with Eq. (11), the convergence criterion proposed

by Yamazaki et al. [1] is used to determine if the truncated series has converged. The convergence criterion is‖yP(𝜔)‖‖xapp(P, 𝜔)‖ ≤ 𝛿err (13)

where 𝛿err is a predefined tolerance, commonly taken to be 𝛿err = 0.01, and ∥ · ∥ is the 2-norm of the vector argument. By

definition, the 2-norm of a vector v ∈ ℂm is [24]

‖v‖ =

√√√√ m∑
i=1

|vi|2 (14)

4. Ratio test for neumann series expansion

In this section, the proposed method for predicting the convergence of the Neumann series expansion in Eq. (11) is presented.

The proposed method is motivated by the d’Alembert ratio test [29–31], which predicts if the infinite series
∑

pap is convergent,

given

lim
p→∞

|||||ap+1

ap

|||||
⎧⎪⎨⎪⎩
< 1, converges

> 1, diverges

= 1, indeterminate

(15)

where
|||| ap+1

ap

|||| is the absolute value of the ratio of adjacent terms in the series. While the d’Alembert ratio test is formulated to

predict the convergence of an infinite scalar series, an analogous ratio test may be used to predict the convergence of an infinite

vector series. Considering the Neumann series expansion in Eq. (11), the ratio of the norm of adjacent terms is

rp(𝜔) =
‖yp(𝜔)‖‖yp−1(𝜔)‖ (16)
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where rp(𝜔) is the ratio between the 2-norm of the pth and (p − 1)th term in the series expansion. From Eq. (14), it may be seen

that the ratio, rp(𝜔), in Eq. (16) is a positive real-valued scalar.

Although it is infeasible to evaluate the limit in Eq. (15) for the Neumann series expansion in Eq. (11), the present work shows

that general principles of the ratio test may be applied and used as a tool to predict convergence. Specifically, the proposed

method computes the ratio of adjacent terms for a finite term, p, in the truncated series expansion. The computed ratio is then

compared to its corresponding predetermined bound, where the series is predicted to be convergent if the ratio is less than the

bound. In the following section, characteristics of the discussed ratio for convergent and divergent series are illustrated with

numerical simulations. Additional simulations are then presented in the following section to compute the bounds on the ratios.

4.1. Ratio of adjacent terms

To illustrate the characteristics of the ratio in Eq. (16) for various systems, the numerical simulation described below was

performed.

1. Randomly generate nominal dynamic stiffness matrix, A0(𝜔), such that each element is randomly chosen from a normal

distribution with zero mean and unit standard deviation.

2. Compute the inverse of the nominal dynamic stiffness matrix, A−1
0
(𝜔).

3. Randomly generate modification, 𝛾1(𝜔), from a normal distribution with zero mean and unit standard deviation.

4. Compute corresponding modification matrix, A1(𝜔), for a specified spectral radius of the system, such that

A1(𝜔) =
−1

𝛾1(𝜔)
A0(𝜔)Q𝚲Q−1

where Q is a matrix filled with randomly generated eigenvectors, such that each element is randomly chosen from a normal

distribution with zero mean and unit standard deviation. The matrix 𝝀, is a matrix whose diagonal elements are the eigenvalues

of the system that are randomly generated with a uniform distribution between zero and one, and then normalized and scaled

such that the maximum eigenvalue is equal to the specified spectral radius.

5. Randomly generate force vector f(𝜔), such that each element is randomly chosen from a normal distribution with zero mean

and unit standard deviation.

6. Evaluate the terms in the series expansion, yp(𝜔), and approximate the displacement response, xapp(P, 𝜔), for a set order of

approximation, P.

7. Evaluate the ratio, rp(𝜔), for each term in the series expansion.

In the simulation, a total of four structures were generated. Two structures were generated with a spectral radius less than

one, such that the series expansion was convergent, and two structures were generated with a spectral radius greater than one,

such that the series expansion was divergent.

The results are presented in Fig. 1 and depict distinct trends that differentiate the convergent and divergent series. Fig. 1a

and b plot the 2-norm, ∥ yp(𝜔) ∥, and ratio, rp(𝜔), respectively, of the terms in the series expansion for each structure. As would

be expected, the terms in the series expansion tend to decrease for the systems with a spectral radius less than one, indicative

of a convergent series. In contrast, the terms tend to increase for the systems with a spectral radius greater than one, indicative

of a divergent series. The corresponding ratios for each term in the expansion are plotted in Fig. 1b. Although only P = 20 terms

were evaluated in the series expansion, the general trends predicted by the d’Alembert ratio test may be observed. From Fig. 1b,

the ratios of the convergent series remain less than one and the ratios of the divergent series remain greater than one, as a result

of the decreasing and increasing terms in the series respectively.

The results in Fig. 1 suggest that the ratio in Eq. (16) may indeed be used as a tool to indicate if a series is convergent early in

the evaluation of the series. However, it should be noted that the results only represent a limited sample size of structures and

are not adequate to formulate general methods for identifying convergent series. As a result, additional stochastic simulations

must be performed to predict a bound on the ratio, rp(𝜔), for each term, p, in the series. From the following results, it will become

apparent that such bounds are necessary for predicting convergence when a finite number of terms are evaluated.

4.2. Computing bounds on ratios

To predict bounds on the ratio, additional numerical simulations were performed. With the same procedure described in

the previous section, 50,000 systems were generated with a spectral radius less than one, and 50,000 systems were generated

with a spectral radius greater than one. Each system was generated with 50 DOF. For each system, the computed ratio, rp(𝜔), for

the p = 5, 10, and 15 term is plotted versus the system’s spectral radius in Fig. 2. In the plot, the circles and triangles indicate

convergent and divergent series such that their corresponding spectral radius is less than and greater than one, respectively.

From the results, it may be observed that most convergent cases exhibit ratios less than one and most divergent cases exhibit

ratios greater than one, in accordance with the d’Alembert test. However, this general trend is not true for all systems, specifically
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Fig. 1. (a) Norm of term, ∥ yp(𝜔) ∥, and (b) ratio of norm of adjacent terms, rp(𝜔), versus term in series, p, for systems with varying spectral radii (SR).

Fig. 2. Ratios, rp(𝜔), versus spectral radius for systems with convergent and divergent series with comparison to minimum divergent ratio, Bp , for terms (a) p = 5, (b)

p = 10, and (c) p = 15.

those with a spectral radius approximately equal to one. In this region, it may be observed that there are divergent cases with

ratios less than one, presenting a failure of the ratio test. For these cases, the ratio presents a false positive error, predicting a

convergent series when the series is actually divergent. As a result, the minimum ratio of all divergent cases is computed and

will be used to determine an appropriate bound on the ratios. Here, the minimum divergent ratio is defined as

Bp = min Rp (17)

where Rp is the set of ratios, rp(𝜔), for the divergent cases in the stochastic simulation, and Bp is the minimum of the set.

From Fig. 2, it may be seen that the minimum divergent ratio, Bp, plotted with the black dashed line, may be used as a tool

to predict if the series is convergent, as all ratios less than the minimum divergent ratio correspond to convergent cases. An

important facet to the minimum divergent ratio is its dependence on the term in the series. This may be observed by comparing

the results in the various subplots in Fig. 2. In Fig. 2a, the minimum divergent ratio for the p = 5 term is B5 = 0.7961. In

contrast, the minimum divergent ratio increases to B10 = 0.8625 and B15 = 0.9045 for the p = 10 and 15 term respectively.

The increase in the minimum ratio is due to the increase in term p, resulting in a better characterization of the series. This may

be better interpreted by recalling the limit in the d’Alembert ratio test. As more terms in the series expansion are evaluated, such

that p approaches a large finite number, the ratio more accurately exhibits the properties of the series. This may be observed by

comparing Fig. 2c–a, where a larger percentage of convergent and divergent systems have a ratio, r15(𝜔), less than and greater

than one, respectively.

To estimate a bound on the ratios that may be used to accurately predict convergence, the previous stochastic simulation

was repeated 1,000 times. For each simulation, the minimum ratio of the divergent cases, Bp, was found. A Weibull probability

density function (PDF) was then fit to the minimum divergent ratios and the corresponding cumulative distribution function

(CDF), FBp
, was computed for the terms p = 1 − 20 [32]. The distribution of the minimum divergent ratios for the p = 5, 10

and 15 term are displayed in Fig. 3 with the normalized Weibull distribution.
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Fig. 3. Distribution of minimum divergent ratios, Bp , from 1,000 simulations for terms (a) p = 5, (b) p = 10, and (c) p = 15.

Fig. 4. Fitted PDF and corresponding CDF, FBp
, of minimum divergent ratio, Bp , and computed bound on ratio, bp , for terms (a) p = 5, (b) p = 10, and (c) p = 15.

The CDFs of the minimum divergent ratios were then used to estimate a bound on the ratios, rp(𝜔), by finding ratios, bp, that

satisfy

FBp
(bp) = 0.1 (18)

where bp is taken to be the bound on its corresponding ratio, rp(𝜔). From Eq. (18) the bound, bp, is defined such that the

probability that the minimum divergent ratio, Bp, is less than or equal to the bound, bp, is equal to 0.1. This may be observed

in Fig. 4 which plots the fitted PDF and CDF of the minimum divergent ratios for the p = 5, 10 and 15 term. Also in the figure,

the bound, bp, is plotted with a black dashed line which is shown to intersect the CDF, FBp
, at 0.1. To the right of the bound,

the shaded region under the PDF represents the probability that the minimum divergent ratio, Bp, is greater than the bound,

bp. From Eq. (18), this probability is equal to 0.9. In the proposed method, the bounds computed with Eq. (18) will be used to

predict if the series in Eq. (11) is convergent. Specifically, the ratio, rp(𝜔), for a given term in the series will be computed and

compared to the bound, bp. If the ratio is less than the bound, then the series is predicted to be convergent. However, if the

ratio is greater than the bound, the convergence characteristics may not be predicted as the convergent and divergent cases

are indistinguishable above the bound. It should be noted that the computed bounds can only provide an estimation of a series

convergence characteristics. However, from Eq. (18) and Fig. 4, the bounds have been conservatively defined such that there is

a large probability that the ratios for the divergent cases are greater than the bound resulting in a relatively low probability of

inaccurately classifying a divergent series as a convergent series. In Sec. 6 and 7, various studies will be performed to examine

the validity and accuracy of the computed bounds when predicting convergence.

4.3. Bounds on ratios

The computed bounds are plotted in Fig. 5 and tabulated in Table 1. It should be noted that similar results were obtained

when the stochastic simulation discussed in the previous section was repeated using systems whose elements were complex

valued, with less than a 5% difference in results. Similar to the results observed in Fig. 2, the bounds on the ratios, rp(𝜔), tend
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Fig. 5. Computed bound on ratio, bp , versus term in series expansion, p.

Table 1

Computed bounds, bp , on ratios, rp(𝜔), for terms in Neumann series

expansion.

Ratio Bound on Ratio Ratio Bound on Ratio

r1(𝜔) b1 = 0.5467 r11(𝜔) b11 = 0.8496

r2(𝜔) b2 = 0.6594 r12(𝜔) b12 = 0.8596

r3(𝜔) b3 = 0.6862 r13(𝜔) b13 = 0.8682

r4(𝜔) b4 = 0.7172 r14(𝜔) b14 = 0.8760

r5(𝜔) b5 = 0.7476 r15(𝜔) b15 = 0.8830

r6(𝜔) b6 = 0.7722 r16(𝜔) b16 = 0.8890

r7(𝜔) b7 = 0.7927 r17(𝜔) b17 = 0.8947

r8(𝜔) b8 = 0.8102 r18(𝜔) b18 = 0.9001

r9(𝜔) b9 = 0.8256 r19(𝜔) b19 = 0.9050

r10(𝜔) b10 = 0.8385 r20(𝜔) b20 = 0.9092

to increase with the corresponding increase in the term p. This is again due to the fact that the ratio better characterizes the

convergent and divergent series as p approaches a large finite number.

To illustrate the previously discussed trends and test the validity of the computed bounds with respect to a larger system, four

systems with 5,000 DOF and varying spectral radii were randomly generated. Their ratios were then computed and compared to

the bounds, bp, and plotted in Fig. 6. From Fig. 6, it may be observed that the computed bounds accurately predict convergence,

as all ratios that are less than the bound correspond to convergent systems with spectral radii less than one. Additionally, the

conservative nature of the bounds are illustrated and may be observed by considering the system whose spectral radius is equal

to 0.90. For this system, the ratios are initially larger than the bound, which would result in the implementation of direct solve

even though the series is convergent. However, when the ratio is computed for a term larger than p = 13, the bounds are able to

better characterize the system and accurately predict its convergence. Finally, the results suggest that the bounds are insensitive

Fig. 6. Comparison between computed bound, bp , and ratio, rp(𝜔), versus term in series expansion, p, for systems with varying spectral radii (SR).
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Fig. 7. Method for determining evaluation scheme at a discrete frequency.

to the size of the system, as the systems used in this example are two orders of magnitude larger than those used in the previous

stochastic simulation.

5. Proposed method

In the proposed method, the results from the previous section will be used as a tool to determine which evaluation scheme

is appropriate when computing the response of a perturbed system. Specifically, the proposed method, depicted in Fig. 7, will

determine if the direct solve in Eq. (5) or the Neumann series approximation in Eq. (11) should be used. The method starts with

the nominal system, A0(𝜔) and A−1
0
(𝜔), nominal response, x0(𝜔), and modifications of interest, 𝛾 j(𝜔) and Aj(𝜔). The user must

also specify the term, p, for which the ratio in Eq. (16) will be evaluated and used to compare to its corresponding bound, bp,

listed in Table 1. For example, if the user chooses to evaluate the ratio for the p = 10 term, then the first ten terms, yp(𝜔), in

the series expansion will be evaluated to compute the ratio, r10(𝜔). The computed ratio would then be compared to its bound,

b10 = 0.8385, to predict the appropriate evaluation scheme. If the ratio is less than the bound, then the series approximation

is convergent and the Neumann series approximation should be used to compute the response with Eq. (11). In contrast, if the

ratio is greater than the bound, then the convergence characteristics are unknown and the direct solve in Eq. (5) must be used.

In comparison to computing the spectral radius in Eq. (7) to evaluate the series convergence criteria, the proposed method

offers major computational advantages when determining which evaluation scheme should be used. The computational effi-

ciency is attributed to the relatively low computational cost of computing the ratio as opposed to evaluating the eigenvalue

problem. To highlight the computational savings of the proposed method, a central processing unit (CPU) timing test was per-

formed. The timing test measured the speed up of the method, equivalent to the ratio of the measured CPU time taken to

evaluate the spectral radius in Eq. (7) to the CPU time taken to evaluate the ratio in Eq. (16). The measured speed up is plotted

in Fig. 8 versus the number of terms evaluated for the ratio, for systems with varying DOF. From the results, it is clear that the

proposed method offers major computational advantages over the standard method of evaluating the spectral radius. In general,

the savings increase with the size of the system and decrease with the increase in the number of terms evaluated to compute the

ratio. The efficiency of the method may be highlighted by considering the speed up when evaluating p = 10 terms to compute

the ratio r10(𝜔). From Fig. 8, the proposed method is 55.71 times faster than the standard method for a system with 2,000 DOF

and 130.4 times faster for a system with 10,000 DOF.

In addition to its computational advantages over computing the spectral radius of the system, the proposed method is sig-

nificant as it does not require any additional computations when the approximation is employed. This is due to the fact that the

ratio in Eq. (16) is evaluated with the terms in the series expansion in Eq. (12), which may then be used to evaluate the approxi-

mation in Eq. (11). As a result, the efficiency of the approximation is able to be preserved by avoiding unnecessary computations.

The proposed method also offers the distinct advantage of a user defined convergence criterion, as the user is able to specify

which term, p, will be used to compute the ratio, rp(𝜔). For example, in comparison to the method presented by Yuan et al.

[20], the proposed method has the capability of predicting when to switch from the approximation to the direct solve with the

evaluation of much fewer terms. This is due to the fact that the proposed method predicts the appropriate evaluation scheme

by predicting the convergence of the Neumann series approximation using the ratio that may be computed for early terms in

the series. In contrast, the method presented by Yuan et al. computes an increasing number of terms in the Neumann series
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Fig. 8. Speed up versus number of terms computed to evaluate the ratio for systems with varying DOF.

expansion until the computational time for the approximation and direct solve are equivalent. As a result, when the evaluation

scheme is switched from the approximation to direct solve, the total evaluation time at that frequency is approximately equiv-

alent to the computational time of performing two direct solves. Additional advantages of specifying the ratio term is discussed

in Sec. 7.1.

6. Numerical example: longitudinal bar

In this section, the proposed method is applied to a numerical model of a homogeneous elastic bar in longitudinal vibration.

The purpose of this example is to illustrate the performance of the proposed method for determining the appropriate evaluation

scheme and the accuracy of the approximation which may be compared to known simulated values.

In the example, the elastic bar was modeled to have a constant cross sectional area of A = 6.4516 × 10−4 m2 and length of

L = 0.3048 m. The nominal elastic modulus and density were taken to be

Ebar = 72 × 109(1 + i𝜂)Pa and 𝜌bar = 2,700kg∕m3 (19)

respectively, where 𝜂 = 0.01 was the loss factor that modeled structural damping. With the defined properties, the stiffness,

Kbar, and mass, Mbar, matrices were constructed to model longitudinal vibration with free-free boundary conditions. The model

was constructed from 100 bar elements resulting in a total of 101 DOF. The bar element matrices were [33]

K e
bar

= Ebar A

l

[
1 −1

−1 1

]
and M e

bar
= 𝜌bar Al

6

[
1 −1

−1 1

]
(20)

where l was the length of each element. With the constructed global stiffness and mass matrices, the nominal dynamic stiffness

matrix, A0(𝜔), and its inverse, A−1
0
(𝜔), were computed. The nominal response, x0(𝜔), was then computed with Eq. (9), with a

unit force applied to one end of the bar that remained constant across frequency.

In this example, J = 2 modifications to the nominal structure were considered. The first modification was a change in the

elastic modulus, and the second was a change in the density, such that

𝛾1(𝜔) = 0.2 Ebar and 𝛾2(𝜔) = 0.1𝜌bar (21)

From Eq. (20), the corresponding modification matrices were

A1(𝜔) =
1

Ebar

Kbar and A2(𝜔) =
−𝜔2

𝜌bar

Mbar (22)

With the nominal structure and desired modifications described above, the proposed method described in Sec. 5 and illustrated

in Fig. 7 was employed. For this example, the ratio was computed for the p = 10 term and used to compare to its corresponding

bound, b10. From Table 1, the corresponding bound was taken to be b10 = 0.8385.

The results from the implemented method are displayed in Fig. 9. In the plot, at each discrete frequency, the determined

evaluation scheme is indicated with the shape of the marker. When the computed ratio was less than the bound, such that the

method determined to compute the response with the Neumann series approximation, a circle was used to indicate the scheme

at that frequency. Alternatively, when the ratio was greater than the bound, such that the method recommended a direct solve,

a triangle was used. In Fig. 9, the circles are plotted over the corresponding spectral radius of the system, computed with Eq. (7),

for ease of visual inspection of the method’s efficacy. From observation of the results, the method accurately predicts when to

employ the approximation, as each frequency that comprises the approximation region has a corresponding spectral radius less
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Fig. 9. Determined evaluation schemes and spectral radius versus frequency for bar example.

than one. As a result, at these frequencies, the Neumann series expansion in Eq. (11) is convergent. An additional thing to note is

that in subregions of the direct solve region, there are frequencies with a spectral radius less than one. However, as previously

observed in Fig. 2, when a finite term p is used to compute the ratio, only a fraction of all convergent cases will be characterized

with the bound. As a result, the proposed method is conservative as it implements the direct solve at frequencies where the

series approximation is convergent, as observed in Fig. 9.

With the determined evaluation schemes, we next computed the response of the perturbed system with the approximation

in Eq. (11) at the appropriate frequencies. Since the first p = 10 terms, yp(𝜔), were already evaluated to compute the ratio,

r10(𝜔), the approximate displacement response, xapp(P, 𝜔), was first evaluated with a P = 10 order of approximation. The order

of approximation was then increased by increasing the number of terms in the truncated series until the convergence criterion

in Eq. (13), with 𝛿err = 0.01, was met. The computed approximate response at the drive point is plotted in Fig. 10a and is

compared to the response computed with the direct solve. In the plot, the gray shaded regions correspond to the direct solve

region, and therefore the approximation is not evaluated in these regions. From examination, it is clear that the Neumann series

approximation does a very good job approximating the response, as the approximation and direct solve appear to be nearly

indistinguishable. To better quantify the accuracy of the approximation, the normalized error between the response computed

with the approximation and direct solve was computed with

𝜀(𝜔) =
‖xdir(𝜔) − xapp(P, 𝜔)‖‖xdir(𝜔)‖ (23)

The resulting error is plotted versus frequency in Fig. 10b and highlights the accuracy of the approximation. From the plot,

the maximum error throughout the spectrum is limited to 3.45%. Additionally, it may be observed that even smaller errors

are obtained at frequencies away from resonances. The good agreement and corresponding low error in approximation at fre-

Fig. 10. Results from bar example (a) nominal response and updated response from direct solve and approximation versus frequency and (b) error in approximate displace-

ment response versus frequency.
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Fig. 11. Stopping order of approximation versus frequency for bar example.

quencies away from resonances is attributed to the relatively low spectral radius. Previous analysis has shown that the spectral

radius of the system tends to increase near natural frequencies [23]. Consequently, when the spectral radius increases, the rate

of convergence and accuracy of the approximation tend to decrease.

This trend may also be observed in Fig. 11 which plots the stopping order of approximation, P, at the frequencies where

the approximation was employed. Here, the stopping order of approximation is observed to increase near resonances. This is

due to the previous described behavior of the spectral radius, which results in the increase in order of approximation for the

convergence criterion in Eq. (13) to be met. In contrast, it may be observed that for a majority of the approximation region, the

approximation stopped with a P = 10 order of approximation, which was the original starting order of approximation. At these

frequencies, the convergence criterion was met with the initial approximated displacement response. Recalling the former part

of this example, the starting order of approximation was a byproduct of the term used to compute the ratio that predicted the

appropriate evaluation scheme. In the following section, the effect of choosing different terms for the computation of the ratio

will be examined.

7. Numerical example: square clamped plate

In this section, the proposed method is applied to a numerical model of an elastic square clamped plate. In addition the

method’s accuracy, this example illustrates the method’s efficiency with CPU timing tests. In this example, the plate was mod-

eled to have side lengths equal to 0.3048 m and a thickness equal to 1.5875 × 10−3 m. The plate was meshed in Abaqus using

4 node shell elements (type S4R). The mesh seeding was uniform across the plate, creating 900 square elements with a total

of 961 nodes. With 6 DOF per node, 3 translational and 3 rotational, the system had a total of 5,766 DOF. The nominal elastic

modulus was taken to be

Eplate = 210 × 109(1 + i𝜂)Pa (24)

where the loss factor was 𝜂 = 0.01. The plate’s density and Poisson ratio were taken to be 𝜌plate = 8, 000 and 𝜈plate = 0.3,

respectively. With the aforementioned properties and clamped boundary conditions, the nominal finite element model and

dynamic stiffness matrix were constructed. Flexural vibration was excited by applying a unit force normal to the plate at the

center node that remained constant across frequency. The resulting nominal displacement response was then computed with

Eq. (9).

For this example, the elastic modulus was modified with the modification parameter

𝛾1(𝜔) = 0.25 Eplate (25)

and corresponding modification matrix

A1(𝜔) =
1

Eplate

Kplate (26)

where Kplate was the nominal stiffness matrix constructed from the Abaqus mesh. With the same procedure described in the

previous example, the proposed method depicted in Fig. 7 was implemented to determine the appropriate evaluation scheme

throughout the spectrum. The p = 10 term was again used to compute the ratio, r10(𝜔). The results are plotted over the spectral

radius in Fig. 12, and illustrate the accuracy of the proposed method, as the entire approximation region has a corresponding

spectral radius less than one.
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Fig. 12. Determined evaluation schemes and spectral radius versus frequency for plate example.

Fig. 13. Results from plate example (a) nominal response and updated response from direct solve and approximation versus frequency and (b) error in approximate

displacement response versus frequency.

The approximation was then evaluated with Eq. (11) at the frequencies in the determined approximation region. The approx-

imation again started with a P = 10 order of approximation, as a consequence of the evaluated ratio, and additional terms in

the series expansion were added until the convergence criterion was met. The resulting approximated displacement response

at the drive point is plotted in Fig. 13a and compared to the response found with the direct solve. Additionally, the error in the

approximation was computed with Eq. (23) and is plotted in Fig. 13b. The results in Fig. 13 highlight the accuracy of the approx-

imation, with the good agreement between the direct solve and approximation and a maximum error of 3.59%. An additional

observation is the approximation’s accuracy with large perturbations in the nominal structure which result in large changes in

the nominal response, as depicted in Fig. 13a. These results suggest that the proposed method may be used for a large range of

modifications, allowing for the analysis of a multitude of structural designs.

As mentioned previously, this example also sought to evaluate the efficiency of the proposed method and approximation.

To do so, a CPU timing test was performed to measure the CPU time required to evaluate the approximation and the CPU

time required to evaluate the direct solve. The measured time of the approximation included the time required to deter-

mine the appropriate evaluation scheme and the time to evaluate the approximation itself. With the measured CPU time,

the speed up of the approximation, equivalent to the ratio of the direct solve time to the approximation time was com-

puted.

The computed speed up is plotted in Fig. 14 with the stopping order of approximation. From observation, the approxima-

tion offers speed ups of approximately 14 over most of the band where it is employed, with a maximum speed up of 14.62

when the approximation is evaluated with a P = 10 order of approximation. The computational savings of the approximation

is attributed to its evaluation which is computationally cheap compared to the direct solve which requires a matrix factoriza-

tion. Furthermore, no additional computational costs are incurred when determining the evaluation scheme with the proposed

method, as the terms computed for the ratio are also used to compute the approximate displacement response. This method, as

previously discussed and supported by the results in Fig. 8, is computationally advantageous over the evaluation of the spectral
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Fig. 14. Results from plate example (a) stopping order of approximation versus frequency and (b) speed up versus frequency.

Fig. 15. Comparison of results from first simulation, that computed r5(𝜔), and second simulation, that computed r20(𝜔) for (a) stopping order of approximation versus

frequency, (b) error in approximation versus frequency, and (c) speed up versus frequency.

radius and allows for a significant speed up when the approximation is used. It should be noted that the speed up does tend

to decrease as the stopping order of approximation increases, as observed in Fig. 14. This is indicative of the additional terms,

yp(𝜔), that must be computed to meet the convergence criterion. Although the speed up is observed to decrease, the method

still offers a speed up of 5.856 when a P = 25 order of approximation is evaluated.

7.1. Comparison of ratio terms

In this section, the previous plate example is reexamined while using different terms to compute the ratio. In the previous

simulation, the ratio for the p = 10 term was computed and compared to its bound to determine which evaluation scheme was

used. To illustrate the method’s dependence on the computed ratio and the term it is evaluated for, the example was reevaluated

with two simulations that computed the ratios for the p = 5 and p = 20 term.

In the repeated simulations, the only difference was the ratio, rp(𝜔), that was computed, as the same method and procedure

were performed. In the first repeated simulation, the p = 5 term was used to compute the ratio, r5(𝜔), that was then compared

to its corresponding bound b5 = 0.7476. Similarly, in the second simulation, the p = 20 term was used to compute the ratio,

r20(𝜔), that was then compared to its corresponding bound b20 = 0.9092. In both simulations, the approximation was evaluated

with Eq. (11) at the frequencies at which the computed ratio was less than the bound. The starting order of approximation

was P = 5 and P = 20 for the simulation that computed the ratio r5(𝜔) and r20(𝜔), respectively. The results from the two

simulations are compared in Fig. 15, which plots the resulting stopping order of approximation, error in approximation, and

speed up. In the plots, the circles correspond to the results from the first simulation and the triangles correspond to the results

from the second simulation.

The first observation that is made from Fig. 15 is the difference in size of the direct solve regions for the two simulations.

In the plots, the solid shaded region corresponds to the direct solve region found in the first simulation that computed the
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Fig. 16. Total measured speed up of evaluation with proposed method versus term, p, used to compute the ratio, rp(𝜔), in simulation.

ratio r5(𝜔), and the dashed shaded region corresponds to the direct solve region found in the second simulation that com-

puted the ratio r20(𝜔). From observation, the solid shaded regions are wider than and encompass the dashed regions, indicat-

ing that the approximation is employed at more frequencies when the r20(𝜔) ratio was computed. This trend is in agreement

with the previously observed results depicted in Fig. 2, where a larger percentage of convergent cases were accurately char-

acterized when the term that computed the ratio was increased. As a result, when a larger term is used to compute the ratio,

the proposed method identifies a larger portion of the convergent region where the Neumann series approximation may be

used.

In addition to the determined evaluation regions, the simulations differ in the resulting stopping order of approximation.

As previously stated, the simulations started with a P = 5 and P = 20 order of approximation and increased the order of

approximation until the convergence criterion was met. From the first subplot in Fig. 15, it may be observed that the stopping

order of approximation remains at P = 5 for a portion of the approximation region in the first simulation. However, as expected,

the stopping order of approximation tends to increase as the frequency approaches resonances, reaching a maximum stopping

order of approximation equal to 16. Considering the results from the second simulation, the stopping order of approximation

remains at P = 20 for a larger portion of the approximation region, indicating that the convergence criterion was sufficiently

met for a large frequency range.

The difference in the stopping order of approximation is reflected in the resulting error in approximation that is depicted

in the second subplot in Fig. 15. As would be expected, the larger order of approximation results in a better approxima-

tion and smaller error. This is clear when considering the minimum error from the first and second simulations, which is

observed to be 𝜀 = 2.38 × 10−7 and 𝜀 = 3.67 × 10−12 respectively. A final difference between the results in the two sim-

ulations may be observed in the third subplot of Fig. 15, which plots the speed up of the two simulations. From the plot,

the first simulation offered a larger speed up throughout its approximation region, as it always maintained a smaller stop-

ping order of approximation. However, since the second simulation had a larger approximation region, the Neumann series

approximation was able to be employed at more frequencies, providing additional computational savings throughout the spec-

trum.

These results suggest that the total speed up when evaluating the response throughout the spectrum is largely dependent

on the term, p, used to compute the ratio, rp(𝜔). When the term used to compute the ratio is small, a significant speed up is

obtained when the stopping order of approximation is equivalent to the starting order of approximation. However, if a larger

term is used to compute the ratio, a larger portion of the convergent region will be characterized resulting in more evaluations

with the approximation and additional savings at these frequencies. To illustrate this tradeoff, additional simulations were

performed with ratios computed from the term p = 1 to p = 20. For each simulation, the total speed up of the evaluation

with the proposed method was measured and plotted in Fig. 16. Here, the total speed up was the ratio of the measured CPU

time taken to evaluate the entire response throughout the spectrum with the standard direct solve method, to the measured

CPU time taken to employ the proposed method which evaluated the response with the approximation and direct solve in their

corresponding predicted regions.

From observation of the results in Fig. 16, the maximum speed up of 13.08 is achieved when the ratio for the p = 4 term

is used to determine the appropriate evaluation scheme. The speed up then tends to decrease as the computational savings

attributed to a lower order of approximation outweigh the additional savings from a larger approximation region. However, it

should be noted that even when the ratio is computed for the p = 20 term, a significant speed up of 4.734 is achieved. Although

these results are specific to this example, general characteristics of the ratio may be used to tailor the specified convergence

criterion in order to achieve desired results. For example, the ratio, rp(𝜔), would be computed for a larger index, p, if a low error

in approximate displacement response is desired. However, if a fast evaluation is desired, the ratio should be computed for a

relatively smaller index.
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8. Conclusion

In the present work, the Neumann series approximation was employed to efficiently approximate the response of a per-

turbed dynamic system when the series expansion was convergent. A novel method for predicting convergence characteristics

of the series was presented. The proposed method computes the ratio of adjacent terms in the Neumann series and com-

pares the ratio to bounds found from stochastic simulations. When the computed ratio is less than its corresponding bound,

the series expansion is predicted to be convergent and the method employs the Neumann series to approximate the dis-

placement response of the perturbed system. When the computed ratio is greater than or equal to its corresponding bound,

the direct solve is used to evaluate the response. The method offers the computational advantage of efficiently predicting

the appropriate evaluation scheme without any additional computations when the approximation is employed. Results illus-

trated the method’s accuracy when predicting convergence with terms computed early in the series expansion. Numerical

examples also highlighted the accuracy of the approximation when compared to responses found from the direct solve. Addi-

tional results from a CPU timing test highlighted the method’s significant speed up when compared to evaluating the spectral

radius.
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